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Abstract

This article provides a theoretical treatment of the dynamic interaction between a matrix crack and an
arbitrarily located circular inhomogeneity with a distinct interphase under antiplane loading. The
matrix/inhomogeneity interphase is characterized by a linear spring model. The theoretical formulations
governing the steady state problem are based upon the use of integral transform techniques, Bessel function
expansions and a Pseudo-incident wave technique. The closed form expression for the resulting stress
intensity factor at the matrix crack is obtained by solving the appropriate singular integral equations
using Chebyshev polynomials. Typical examples are provided to show the effect of the location of the
inhomogeneity, the material combination and the interface property upon the dynamic stress intensity factor
of the matrix crack. © 1998 Elsevier Science Ltd. All rights reserved.

1. Introduction

A comprehensive body of knowledge exists dealing with the elastostatic behaviour of interacting
reinforced fibres and particles (inhomogeneities) in metal matrix composites, see e.g., the reviews
by Mura (1987) and Evans (1990). Most of the quasistatic available solutions assumed that only
two materials with a common interface exist in the composite solid. It is often the case, however,
that the reinforcing fibres or particles are surrounded by a thin interfacial layer (interphase).
This interphase may be created unintentionally as the result of chemical interaction between
the constituents, or intentionally to enhance the mechanical properties of the composite solid
(McCullough, 1971; Chiu et al., 1994; Wang and Chiang, 1996). The existence of and the
interaction between these coated fibres ultimately govern the mechanical behaviour and the overall
failure mechanism of this class of materials (Achenbach and Zhu, 1990 ; Chen et al., 1990 ; Wass,
1992 ; Drzal and Madhukar, 1993). Accurate assessment of the fracture response of these materials
would thus require a reliable assessment of the possible interaction effects between these fibres.
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The corresponding elastodynamic problem has recently evoked interest among researchers
working in the field of nondestructive characterization of interfaces and materials engineering. The
work was mostly motivated by the desire to establish the mechanical properties of interface (Datta
et al., 1988, Olssen et al., 1990; Karpur et al., 1994), the scattering behaviour of the wave
(Schafbuch et al., 1990) and material response to dynamic loading (Ramesh and Ravichandran,
1990 ; Meguid and Wang, 1994).

The objective of the present paper is to provide an analytical treatment of the dynamic interaction
between a matrix crack and an arbitrarily located inhomogeneity with distinct interphase subject
to different antiplane incident waves. The interfacial layer between the matrix and the inhomo-
geneity is modelled in terms of linear springs. The analysis is based upon the use of a Pseudo-
incident wave technique together with the application of Fourier integral transforms for the crack
and Bessel function expansions for the inhomogeneity. Two aspects of the work are accordingly
examined. The first is concerned with determining the effect of the interfacial property, material
mismatch and loading frequency upon the resulting dynamic stress intensity factor of the matrix
crack, while the second is associated with the possible shielding and amplification effects observed
in the equivalent static problem.

2. Formulation of the problem
2.1. Description of problem

The situation envisaged is that of an elastic infinitely extended isotropic solid containing a matrix
crack of length 2¢ and an arbitrarily located circular inhomogeneity of radius R, as shown in Fig.
1. The matrix and the inhomogeneity are connected by a thin layer of thickness 4. The shear
moduli of the matrix, the inhomogeneity and the interphase are assumed to be u,,, urand y;,, and
the corresponding shear wave speeds c¢,,, ¢ and ¢,,, respectively. A Cartesian (x,y) and a polar

2a

Fig. 1. Interaction between a matrix crack and an inhomogeneity with an interphase.
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(r, @) coordinate systems are used to characterize the crack and the inhomogeneity. The distance
between the right tip of the crack and the centre of the inhomogeneity is denoted & and the
inclination angle of the inhomogeneity centre with respect to the x-axis is denoted 0.

The solid is subjected to a steady state antiplane wave directed at an angle I with the x-axis,
which can be expressed as

Ly, 1) = 10(x,y) e = tcos e FubreosTHosinD) oo
T__S:(X, v, [) — ng(x’y) efia)l =1 Sinr‘efik‘w(,\‘cosl"ersml") efia)l

WO (X, ¥, [) — WO (X, y) e*iwt — it efikM(xcosl"ersinl") efiwr (1)

karkas
where w’, 7). and 1. are the amplitudes of the displacement and stresses, e is the circular frequency,
and k,, = w/c,, is the wave number with c¢,, being the shear wave speed of the matrix.
The displacement field of the current medium under such an incident wave will satisfy the
following Helmholtz equations (Achenbach, 1973),

(V> +ki)w =0 in the matrix (2)
(V2 +k#)w =0 in the homogeneity 3)

in which V? is the Laplacian operator, k, = w/cy is the wave numbers with ¢, being the shear wave
speed of the inhomogeneity. For the sake of convenience, the time factor exp(— iw?) which applies
to all the field parameters has been suppressed. The non-vanishing stress components in the matrix
and the inhomogeneity, in a Cartesian system (x, y), are

1y, 1n the matrix

Tee = P . . . “)
Uy in the inhomogeneity
Uy in the matrix

T)z = YJZ . . . (5)
up in the inhomogeneity

with y,. and y,. being the strain components. The corresponding stresses in the interphase can be
expressed in a polar system (r, 6) as

Trz = HinVrzs To: = Hin)o: (6)
2.2. Interface model

For fibre reinforced composites, the interphase between the matrix and the fibre plays a dominant
role in characterizing the mechanical behaviour of composite (Matikas and Karpur, 1993 ; Veazie
and Qu, 1995). In fact, the interphase determines the ability of the composite to transfer load
between the matrix and the fibre, and as a result governs its toughness. Although complex interface
waves may exist at the interphase (Jones and Whittier, 1967), the fact that the thickness of that
interphase is usually very small leads to the development of simplified interphase models. For
examples, Hashin (1990) studied the effect of an imperfect interface upon the equivalent ther-
moelastic properties of fibre reinforced materials by introducing a linear relation between the
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tractions and displacement jumps at the interface. The corresponding dynamic interface model has
been used in the non-destructive characterization of the interfacial properties of fibre reinforced
composites using ultrasonic waves (Matikas and Karpur, 1993 ; Karpur et al., 1994, 1995). In the
present study, it is assumed that the thickness of the interfacial layer is much smaller than the
radius of the fibre and the wave length. This implies that the inertia effects of the interfacial layer
can be ignored. According to this model, the radial shear stress 7,. and strain v,. are assumed to be
uniform across the thickness of the interphase, i.e.

Trz|imcrphasc = Trz(e)a yrzlintcrphasc = yrz(e) (7)
This assumption indicates that

1
Yz (0) = z [W(R + ha 0) |malrix - W(R, 6) |inh0mogeneity] (8)
Therefore, substituting (7) and (8) into (6) yields
Vez (0) = ﬂ[‘V(R + h: 0) |matrix - W(R7 0) |inhomogeneity] (9)
where
_ Ha
p=" (10)

is the interfacial stiffness. If / in eqn (9) is assumed to be zero and f is regarded as the only
governing parameter of the interface, this model is the same as that used by Hashin (1990) and
Matikas and Karpur (1993). It can be seen that such an assumption reduces the original interfacial
layer into an interfacial spring with f being the spring stiffness. When  — oo, eqn (9) leads to
W(R + ha 9) |matrix = W(Ra 0) |inh0mogeneity (1 1)

which indicates that the matrix and the inhomogeneity are perfectly bonded. When f§ — 0, eqn (9)
leads to

Tl‘z(0)|interphase = 0 (12)
which is associated with the traction free condition of a hole.

2.3. Pseudo-incident wave method

To avoid the difficulties associated with the complex boundary and interfacial conditions, the
original dynamic interaction problem will be decomposed into simpler subproblems which involve
either the crack or the inhomogeneity, as shown in Fig. 2. These subproblems will then be summed
up to provide the superimposed solution of the original problem.

c f

~ O s S'

A B

Fig. 2. Subproblems subjected to Pseudo-incident waves.
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Let us consider the crack problem first (Fig. 2(A)). The cracked infinite medium is subjected to
a Pseudo-incident wave w¢ which consists of the original incident wave w° and the unknown
scattering wave from the inhomogeneity, ', i.e.

wé = w’+w (13)
The corresponding Pseudo-incident stress field can then be expressed as
sz(w;l) = sz(wo) +T_/Z(M}/)s J = xay (14)

The reflection of this incident wave by the crack surfaces will result in a scattering wave w* in the
matrix. To ensure the traction free condition along the crack surface, the superposition of the
incident wave and the scattering wave should give zero shear stress at the crack surface, i.e.

Tyz (ch) |Crack + Tyz (Wc) |crack = 0 (1 5)

which provides the boundary condition from which the single crack problem can be solved.

Consider now the single inhomogeneity problem (Fig. 2(B)). The infinite medium is subjected
to a Pseudo-incident wave w} which is the superposition of the original incident wave w° and the
unknown scattering wave from the crack, w*, i.e.

wl = w4+ ne (16)
The corresponding Pseudo incident stress field can be expressed as
(W) = 1.(W)+1.(w), j=x,p (17)

As a result of this incident wave, a scattering wave w’ in the matrix and a dynamic field w” in the
inhomogeneity are formed. The interfacial conditions discussed in the previous section indicate
the existence of the following relations :

Tyz (R + h’ 0) |mat1‘ix =T (R’ 0) |inhomogeneity (1 8)
Trz(Ra 0) |inhomogeneity = ﬁ[W(R + h: 0) |matrix - W(Rv 0) |inhomogenei1y] (1 9)

which provide the continuity conditions for the solution of the single inhomogeneity problem. The
solution of the original problem can be expressed in terms of a single crack and a single inhomo-
geneity solution, w°, w' and w”, as being

w’+w’+w  in the matrix
W= . : . (20)
wh in the inhomogeneity
and the corresponding stress field is given by
T.(W*) + 1. (w)+71,.(w) in the matrix _
T = - . : . J=xy 21
T (W) in the inhomogeneity

The boundary conditions of the original problem at the crack surface and the continuity
conditions along the interface between the inhomogeneity and the matrix are satisfied in the
solutions of subproblems A and B. In addition, the radiation condition at infinity can be satisfied
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by assuming that the scattering fields (w* and w/) vanish at points far from the crack and the
inhomogeneity.

3. Dynamic interaction problem
3.1. Solution of subproblems

The solution of the original interaction problem can be obtained by using Pseudo-incident wave
method which considers the behaviour of a single crack and a single inhomogeneity solution.
Consider now a single crack subjected to a dynamic antiplane loading. By using Fourier transform,
the general solution of the displacement and stress fields can be expressed in terms of the following
dislocation density function :

ow(x,0"
lﬁ(X)=W(a);), x| < a (22)

with w(x, 0") being the displacement of the upper surface of the crack. The total stress field can
be decomposed into the incident field and the scattering field. To maintain the original traction
free condition of the crack surface (Fig. 2(A)), the crack surface boundary (in the scattering
problem) is assumed to be subjected to a shear stress due to the Pseudo-incident wave w{ but in
an opposite direction, i.e. T,.|cack = —T,.(W})|craex [€qn (15)]. The imposition of this boundary
condition results in a singular integral equation for /(x) which involves the well-known square-
root singularity. This singular integral equation can be solved by using Chebyshev polynomials
expansion of (x), as

& A
)= Y T, @ 23)
0 X

Integrating (22) and using the orthogonality conditions of the Chebyshev polynomials lead to
A, = 0. By truncating the Chebyshev polynomials to the Nth term and considering the boundary
conditions at N-collocation points along the crack surface, the solution for 4, can be expressed as

{4} = [Si1{z} (24)
where {4} = {4, 4,,..., A\}7, {S,} is a known matrix and
{5} = {r1,10, ..., T} " (25)

being the boundary stress due to the Pseudo-incident wave at the collocation points of the crack
surface (refer to Appendix A for details). According to eqn (14), this boundary stress can be
expressed as

{zi} = "} + {7} (26)

with {t°} and {7/} being the shear stress at the collocation points along the crack surface due to
the original incident wave and the scattering wave of the inhomogeneity problem, respectively.
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According to this solution, the scattering displacement and stress of the crack problem along the
interphase boundary (r = R+ /) can be described in terms of {4} in the following form:

w(P) = w(%,7) = [Fi($)]{4} 27)

T.(9) = TL(X, 7) cos @+ 10.(%, 7) sinp = [F>(¢p)] {4} (28)
where

[Fi ()] = {1 (%, 9).p2 (%, 9). ... (% ) (29)

[Fo ()] = {p1 (%, 7). p2(%, 7). ... pn (%, )} (30)
and

X=a+dcosO+(R+h)cos¢p and 7= dsinO+ (R+h)sin¢ (31)

with p,, ps, ..., Pn; P1sPas - - - » Py Deing known functions given in Appendix A.

Let us now consider the displacement and stress fields due to a single inhomogeneity with an
interphase subjected to a Pseudo-incident wave w/. The general solution of the displacement field
of the present problem can be expressed in a polar coordinate system (r, ¢p), as shown in Fig. 1, as

Y. HiV(kyr)a, ¢ +b,e~"] in the matrix
n=0

w(r, ) = (32)
Y Tk, e +d, e "] in the homogeneity
n=0

where H{" and J, are Hankel function and Bessel function of the first kind, respectively. The
displacement field in the interphase can be obtained by using the interphase model discussed in the
previous section as

W(r7 ¢) |inlerphase = W(R7 ¢) + r_hR [W(I"+ h7 ¢) - W(R’ ¢)] (33)

The solution of a,, b,, ¢, and d, corresponding to an incident wave w/ be obtained by making use
of the interphase model, eqns (18) and (19), such that:

a, 2n W{l inter .

{ }z [K"]J { | } e (34
Cn 0 Tz (W{) |inter r=R+h
bn 2 M}?.linter .

} = [K:] J . e d(b (35)
d” 0 TI‘Z(W;) |intcr r=R+h
where
K]= [ HP Ty (R+0] = J,(kpR) — hitgk o, (k- R) /ﬂq ! 56
2 Lk HY T (R+ )] — ke (ki R)

with the prime () representing the derivative with respect to the variable in the parentheses.
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3.2. Interaction between the crack and the inhomogeneity

The single crack and the single inhomogeneity problems discussed above are coupled in the
sense that the scattering wave from the crack subproblem becomes the incident wave for the
inhomogeneity subproblem. In addition, the resulting scattering wave from the inhomogeneity
subproblem becomes the incident wave for the crack subproblem. These relations will be used to
determine the coupled solution of the original problem. Since the Pseudo-incident wave of the
inhomogeneity subproblem consists of the original incident wave and the scattering wave of the
crack subproblem, by making use of (27) and (28), the solution given by (34) and (35) can be
rewritten in terms of the solution of the crack problem, {4}, as follows

a, 2m Fl (d)) WO (d)) i

— K, 4 —int g 37
{cn} [ ]L) <[f§(¢)]{ }*'[r2(¢)]>e ? 4D
bn 2 Fl ((b) WO (¢)i|) ing

— K, 4 b g 38
{d} [ ]L <[EA¢J{ }+[ﬁx¢> ¢rde 9

where w’(¢) and t.(¢) are the displacement and stress fields corresponding to the initial incident
wave along the inhomogeneity boundary (r = R + /). According to this solution, the shear stress
due to the scattering field of the inhomogeneity at the crack site can be obtained by

t.(x) = 1,.(F, §) sin ¢+ 1,4.(F, P) cos ¢

= [Fs(0)]{4} +{F.(x)} (39)
where [F;5(x)] and F,(x)] are two known matrices given in Appendix B and
o 5 ——5 - R _,dcosl—(x—a)
F=/d*+(x—a)*—2d(x—a)cos0, ¢= 5 —tanT! S (40)

Therefore, the corresponding stress at the collocation points of the crack surface can be expressed
as

() = [S:1{4} +153) (41)
where
Fy(x) Fu(x))
= | DO sy = | T (42)
Fy(xy) Fu(x)
Substituting eqns (41) and (26) into eqn (24) gives
(A} = (S0} +[S:1{4) + {5, 43)

from which {4} can be obtained as being

{A} :(1_[S1][S2])71([SI]{TO}—i_[Sl]{S.?}) (44)
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The dynamic stress intensity factor at the right tip of the crack in the presence of the inhomogeneity
can then be obtained in terms of 4, (n = 1,2,..., N) as being

N
K = pyu~/ma z A, (45)
n=1

4. Results and discussions

The theoretical analysis described in previous sections is used to investigate the effect of the
pertinent parameters upon the dynamic stress intensity factor at the crack under an incident
antiplane harmonic wave.

To verify the validity of the current method, consider first the quasistatic antiplane interaction
between a perfectly bonded circular inhomogeneity and a collinear semi-infinite crack with an
initial stress intensity factor (K;). The solution of this problem can be predicted by the current
method for a relatively large crack length (a/R > 3). The normalized stress intensity factor
(K* = Ki;1/K,) predicted by Turska-Klebek and Sokolowski (1984) is compared with that cal-
culated by the current method in Fig. 3 for different material combinations using twenty terms in
the Chebyshev polynomial expansion and forty terms in the Bessel function expansion. In view of
the excellent agreement observed between the two, even for the case where the inhomogeneity is
very close to the crack tip (e = d— R = 0.1R), the number of terms used in this example was
retained for the remainder of this study.

Consider now the case of an arbitrarily located inhomogeneity interacting with a crack. The

— P/, = infinity
< analytical result

o'Oo.o ' 0.2 oi4 ' 0.6 0.8 ‘ 1.0
R/(e+R)

Fig. 3. Quasistatic interaction between a crack and an inhomogeneity.
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0'00.0 1.0 2.0 3.0

kya

Fig. 4. Effect of the frequency upon the normalized dynamic stress intensity factor K* for a normal incident wave.

present formulations predict the dependence of the normalized stress intensity factors
(K* = KHI/T\/;CI) upon the location and size (d/a, 8 and R/a) of the inhomogeneity, the material
combination, the normalized interface stiffness (4 = af}/u,,), the normalized frequency (k,«a) and
the incident angle (I') of the incident wave. It should be recognized that only the amplitude of the
complex dynamic stress intensity factor at the right tip of the crack is considered in the following
figures.

Figure 4 shows the variation of K* vs the normalized wave number k,a for different interface
stiffness (4). A normal incident wave is considered and it is assumed that ¢/a =0.2, R = a,
hia = 0.04 and ¢, = ¢, pr = py, With p being the mass density. The well-known overshoot phenom-
enon for the single crack problem is observed for all the cases examined. The figure indicates that
a decrease in the interface stiffness will lower the characteristic frequency at which K* reaches the
maximum value.

Figure 5 shows the variation of K* of a crack subjected to an oblique incident wave (I" = 45°)
with k,,a for a collinear case, where ¢/a = 0.2, R = a, h/a = 0.04 and ¢,, = 0.5¢5, p), = pp In this
case, a perfectly bonded inhomogeneity (4 = o0) provides a shielding effect at the matrix crack for
kya < 1.8. However, with the decrease in the interface stiffness (1 < 2.0), such a shielding effect
changes to amplification.

Figure 6 shows the variation of K* vs frequency for the case where the inhomogeneity is directly
above the crack. In this case, the normal incident wave (I' = 90°) is considered and it is assumed
that d*> = @+ (6+R)?, 6 = 0.5a, R = a, hja = 0.04, ¢,, = 0.5¢; and p,, = py. It is interesting to
observe that for high frequencies (k,,a > 1.0), the inhomogeneity provides a shielding effect at the
crack for all the interface conditions considered. For the case where the inhomogeneity is placed
directly below the crack with I' = 90°, the stress field at the crack tip is reduced (Fig. 7).
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Fig. 5. Effect of the frequency upon the normalized dynamic stress intensity factor K* for an oblique incident wave.

1.5

— A=0.0
—— A=05
vvvvvvvvvvv A=1.0
----A=20
——~ A =infinite
—-— single crack

0.0
0.0

Fig. 6. Effect of an inhomogeneity above the matrix crack upon the normalized dynamic stress intensity factor K*.
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------------ A=10
----A=20
—— - A = infinity
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\ . .
O'oo.o 1.0 2.0 3.0

ky@

Fig. 7. Effect of an inhomogeneity below the matrix crack upon the normalized dynamic stress intensity factor K*.

Let us now consider some interesting limiting cases of the examined system. When ¢,,/c; — 0
and p,,/pr = constant, the inhomogeneity reduces to a rigid inclusion with a finite mass density.
In addition, when u,/uy— oo and p, — pp— oo, the inhomogeneity reduces to a hole which
corresponds to a fully debonded inhomogeneity.

5. Concluding remarks

A general analytical solution is provided to the dynamic interaction problem of a matrix crack
with an arbitrarily located inhomogeneity with a distinct interphase under antiplane loading. The
analysis is based upon the use of a newly developed Pseudo-incident wave method. This method
can be generalized to treat more complex interaction problems involving multiple cracks and
inhomogeneities.

The validity and versatility of the present solution have been demonstrated by application to
specific examples. Furthermore, the effect of the location of the inhomogeneity, the material
combination and the frequency of the incident wave upon the dynamic stress intensity factor of
the matrix crack and the resulting shielding and amplification effects are examined and discussed.
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Appendix A
The matrix [S;] used in eqn (24) is given by
jln
N+1

. jm
Sin
N+1

(—1)a r (‘;‘ —1>J,(sc») cos(sx)ds  j=2n+1

0

sin

[‘Svlj|71 = [S[/']D Slj = +gj(xl)7 .]912 1929"'9N

where

9,(x) = .
(— 1)(”+‘)aJ (Z — 1>Jj(sc) sin(sx)ds j=2n

0

{\/ s* — ki s| = Ky
o =
—iJki—s* |s| <ky

in which J; is the first kind Bessel function of order j, and

[
X[ZGCOS<]\H_1TE>, l:1,2,...,N

being the collocation points along the crack surface.
In addition, the functions p; and p, in eqns (29) and (30) are given by

“1
(=1 J EJi(SC) cos(sx) e~ ds j=2n+1
0

pi(x,y) = —a -
(—1Hr+b J EJj(sc) sin(sx) e *"'ds j=2n
0

17j(x, y) = X;(x,y)cos ¢+ Y;(x,y)sin¢p
where
“ o
(=1 J ;Jj(SC) cos(sx) e *Mds j=2n+1

0

A/j(xa y) = Unmda
“ o
(= Do f % s sin(sx) e~ ds = 2n
0

and

529
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(— 1)”J Ji(sc)sin(sx) e Mds  j=2n+1
0

Yi(x,3) = pyasgn(y) .
(=" J Ji(sc) cos(sx) e~ ds j=2n
0

Appendix B

The matrices in eqn (39) are given by
[F5(0)] = W, (7, 0)]sind + [W; (7, 0)] cos ¢, [Fy(x)] = [W,(F, 0)] sin ¢+ [W, (7, O)] cos

where

[V, (1, O] = uaska i HY (k) (1,04 [H, ] J {I; i E"g}(emw Lo de

(o, 0)] = sty 3 D Gey) {1, 0[] J i {WO Eg}(e"”(‘id’)+ef"<f¢))dg
n=0 0 T,.

2 {F ©

()

2 {W“(é)

()

(W3, 0] = iy Y nH (epyr) (1,0} [H,] f

0

}(e"’“‘id’) ey ¢

[W2(r, 0)] = ipy i anq”’(kMV){LO}[Hn]J

0

}(efn«:@ ey d¢
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